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Abstrat. In this paper we desribe how relativisti eld theories ontaining defets
are equivalent to a lass of boundary eld theories. As a onsequene previously derived
results for boundaries an be diretly applied to defets, these results inlude redution
formulas, the Coleman-Thun mehanism and Cutosky rules. For integrable theories the
defet rossing unitarity equation an be derived and defet operator found. For a generi
purely transmitting impurity we use the boundary bootstrap method to obtain solutions
of the defet Yang-Baxter equation. The groundstate energy on the strip with defets is
also alulated.
1. Introdution
Over the last deade there has been a growing theoretial and experimental interest in
systems ontaining defets or impurities. Although experimental investigations, suh as
into quantum dots, require a more general desription the theoretial fous has largely
been on the integrable aspets of defet systems. The defet Yang Baxter equations (or
RT relations), unitarity and defet rossing unitarity relations were formulated in [1, 2℄,
however no derivation of defet rossing unitarity was presented, it was simply onjetured
by analogy to the bulk theory. They showed the absene of simultaneous transmission and
reetion from an integrable defet for theories with diagonal bulk sattering matries,
this was generalized for non-diagonal theories with very general, even dynamial, defets
in [3℄. An analysis of RT algebras [4, 5℄ and a proposal to avoid this `no go theorem'
for simultaneous transmission and reetion an be found in [6℄. Reently a Lagrangian
desription of integrable defets has been introdued in [7, 8℄, inluding a disussion on
how the boundary Lax pair approah may be adapted for defet systems. For a quantum
mehanial treatment of the defet problem we refer to [9℄, while for higher dimensional
onformal defets to [10, 11, 12℄.
In this paper, by extending the `folding trik' (formulated previously for free [13, 14℄
or onformal [11, 15℄ theories), we show that any relativisti defet theory, integrable or
not, an be desribed as a ertain type of boundary theory. As a onsequene previous
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results developed for boundary theories, suh as perturbation theory, redution formulas,
Coleman-Thun mehanism and Cutkosky rules [16, 17℄, an be diretly applied to defets.
For simpliity we restrit the sope of this letter to real relativisti salar elds in 1 + 1
dimensions in order not to ompliate the notations and onentrate on the prinipal issues.
Similarly we restrit ourselves to strong, i.e. parity invariant, bulk theories. Generalizations
of these results, to higher dimensions, or to more elds are straightforward.
By applying the defet-boundary orrespondene for integrable theories we an use the
results from integrable boundary theories, suh as the derivation of boundary rossing
unitarity [18℄, the denition of the boundary state, boundary bootstrap, et. for defets.
Sine the defet theory and the proposed boundary theories are equivalent we an use
results from the study of defets, suh as the no go theorem, to make statements about
the behaviour of these boundary theories. We show how one an onstrut solutions of
the boundary Yang-Baxter equation by bootstrapping on a known solution. We apply this
method for purely transmitting impurity by applying the defet-boundary orrespondene
and obtain non-trivial solutions for any bulk theory. These solutions have a generi form
and orrespond to partiles with imaginary rapidities `trapped' at the defet. Finally
we use the defet operator, obtained from the boundary state via the defet-boundary
orrespondene, to perform a thermodynami Bethe ansatz alulation of the ground state
energy of the system dened on the strip with defets.
2. Defet-boundary orrespondene
If a eld, ΦL, is restrited onto left half line x ≤ 0 by a boundary loated at x = 0 the
bulk and boundary interations are desribed by the Lagrangian
L = Θ(−x)
(
1
2
(∂tΦL)
2 −
1
2
(∂xΦL)
2 − VL(ΦL)
)
− δ(x)U(ΦL) . (1)
Here the boundary potential U(ΦL) is understood to only depend on the eld through the
value of the eld at the boundary ΦL(0, t). The orresponding equation of motion and
boundary ondition are
(−∂2t + ∂
2
x)ΦL(x, t) =
∂VL
∂ΦL
; x ≤ 0 , ∂xΦL(x, t)|x=0 = −
∂U
∂ΦL
. (2)
The Dirihlet boundary ondition an be desribed either as a limit of the above one, or
an be obtained diretly from the Lagrangian with U = 0 but demanding ΦL(0, t) = ϕ,
where ϕ is a onstant.
The parity transform, P : x ↔ −x, of this theory is another theory, whih lives on the
right half line x ≥ 0. We all the original theory L and its parity transform R, whih
satises the equation of motion and boundary ondition
(−∂2t + ∂
2
x)ΦR(x, t) =
∂VR
∂ΦR
; x ≥ 0 , ∂xΦR(x, t)|x=0 =
∂U
∂ΦR
. (3)
The two theories are equivalent: VR = VL and the solutions of the two theories are onneted
by the parity transformation. Similarly the parity transform of the R theory is the L theory.
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Observe that this is not a symmetry of one theory but merely two dierent desriptions of
the same theory.
The quantum version of these theories are also equivalent, whih an be seen as follows.
The quantum theories are dened following [16℄: The interation is supposed to swithed
on adiabatially in the remote past and swithed o in the remote future. The asymptoti
Hilbert spaes are then the free Hilbert spaes and, being equivalent, are related by a uni-
tary transformation alled the R-matrix. This matrix is onneted to the Greens funtions
via the boundary redution formula, and an be omputed in Lagrangian perturbation
theory.
Now let us see how the identiation of the two theories goes: The L theory has as-
ymptoti `in' states, |in〉L, ontaining ni free partiles with real momentum ki > 0, (i.e.
traveling toward the boundary), loated at x = −∞ in the order of dereasing momentum,
highest momentum furthest to the left. The asymptoti `out ' states, |out〉L, are omposed
of nf free partiles with real momentum kf < 0, i.e. traveling away form the boundary,
also loated at x = −∞ in the order of inreasing momentum, most negative furthest to
the left. In the R theory the `in' states, |in〉R, ontain partiles with ki < 0, while `out '
states, |out〉R, with momentum kf > 0, and both the partiles of the `in' and `out ' states
are loated at x =∞ and ordered suh that the fastest moving partiles are furthest to the
right. Clearly the partiles of both theories behave in the same way, rst traveling towards
the boundary, then, after reeting, away from the boundary. The states of L and those
of R are equivalent and are mapped to eah other by the parity operator P, whih does
nothing but hanges the sign of the partiles momenta.
The R-matrix is a unitary operator whih onnets the asymptoti `in' states to the
`out ' states of eah theories. They are written as RL and RR respetively for L and R
and both an be omputed from the orresponding boundary redution formulae. These
formulae ontain the orrelation funtions of the elds ΦL and ΦR and an be omputed
using perturbation theory derived from (2) and (3), respetively. Any term in the two
perturbative expansions  and suh a way in the orrelation funtions  are related by the
parity operator, P, moreover the redution formulae are the parity transformed of eah
other. As a onsequene the R-matries are related by parity, P : RL ↔ RR. Thus L and
R are equivalent theories on the quantum level.
Defet theories are simply an L and a (possibly dierent) R type theory onneted at
the origin by the defet, they an be desribed by the Lagrangian
L = Θ(−x)
(
1
2
(∂tΦL)
2 −
1
2
(∂xΦL)
2 − VL(ΦL)
)
+ Θ(x)
(
1
2
(∂tΨR)
2 −
1
2
(∂xΨR)
2 −WR(ΨR)
)
− δ(x)U(ΦL,ΨR) . (4)
If the elds ΦL and ΨR are not the same then the equation of motion and boundary
onditions for ΦL are given by (2) and those for ΨR by (3) with ΨR replaing ΦR. Note
that, for a general defet, there is no requirement that the values of the two elds at the
defet be the same. If the two elds are in fat the same we all the defet system an
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`impurity' system. It is desribed by the Lagrangian
L =
(
1
2
(∂tφ)
2 −
1
2
(∂xφ)
2 − V (φ)
)
− δ(x)U(φ) , (5)
where the eld φ exists on the whole line. This system has the usual equation of motion
and an `impurity ondition'
lim
ǫ→0
(∂xφ(x, t)|x=ǫ − ∂xφ(x, t)|x=−ǫ) =
∂U
∂φ
. (6)
Note that the left hand side of (6) does not redue to zero as solutions for these elds
generally have disontinuities in the gradient at the impurity. The impurity Lagrangian (5)
an be written in the form of a defet Lagrangian (4) if we write φ = ΦL, V (φ) = VL(ΦL)
for x ≤ 0 and φ = ΨR, V (φ) = WL(ΨR) for x ≥ 0, and impose the requirement that
ΦL|x=0 = ΨR|x=0 =: φ0. The boundary onditions for the elds of the defet Lagrangian
now beomes equivalent to the impurity ondition
∂xΨR|x=0 − ∂xΦL|x=0 =
∂U
∂φ0
. (7)
We will generally assume that we are dealing with a defet system, with the understanding
that impurities an be dealt with in a similar fashion by applying the impurity ondi-
tions instead of defet onditions. When there are signiant dierenes between how the
impurity and defet theories need approahing we will expliitly disuss eah separately.
By making a parity transformation on the R theory, ΨR → ΨL, we an equivalently
desribe the defet theory as
L = Θ(−x)
(
1
2
(∂tΦL)
2 −
1
2
(∂xΦL)
2 − VL(ΦL)
)
+ Θ(−x)
(
1
2
(∂tΨL)
2 −
1
2
(∂xΨL)
2 −WL(ΨL)
)
− δ(x)U(ΦL,ΨL) . (8)
The equations of motion and boundary ondition for ΨL and ΨR are related like (2) and
(3). The equation of motion and boundary ondition for ΦL remain unhanged. For an
impurity theory the same transformation an be made after it is written as a defet theory
as desribed above. The boundary onditions beome
∂xΨL|x=0 + ∂xΦL|x=0 = −
∂U
∂φ0
; ΦL|x=0 = ΨL|x=0 =: φ0 . (9)
The Lagrangian (8) desribes a boundary eld theory with two self interating elds, eah
restrited to the left half line, these elds only interat with eah other at the boundary.
The two theories (4) and (8) are lassially equivalent, the solutions an be mapped to
eah other by ating on one eld with the parity operator P : ΨL ↔ ΨR.
They are also equivalent at the quantum level, whih an be seen similarly to the previous
ase by dening them in the framework of [16℄. The `in' states in the defet theory onsist
of L type partiles, belonging to eld ΦL, with ki > 0 approahing the defet from the
left and R partiles, belonging to eld ΨR, with ki < 0 approahing from the right, as
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before the order of these partiles is suh that the fastest moving partiles are furthest
from the defet. The `in' state an be written as |in〉L⊕|in〉R. In the `out ' state we have L
and R partiles traveling away from the defet with kf < 0 and kf > 0, and eah on their
respetive sides of the defet, and ordered as before. This an be written as |out〉L⊕|out〉R.
There exists a unitary operator whih onnets the `out ' and `in' asymptoti states,
alled the RT -matrix. The (LL) element of this matrix is the reetion matrix RL whih
gives the amplitudes for proess onneting |in〉L with |out〉L. Similarly the (RR) element
is the reetion matrix RR whih gives the amplitudes of proesses onneting |in〉R with
|out〉R. The (LR) element is the transition matrix TL onneting |in〉L with |out〉R and the
(RL) element is the transition matrix TR onneting |in〉R with |out〉L.
The adiabati desription of (8) has `in' states whih ontains partiles with momentum
ki < 0 of both types ΦL and ΨL, approahing the boundary from x = −∞ with the usual
ordering. These states an be written as |in〉Φ⊕|in〉Ψ. The `out ' states have the same type
of partiles but with kf < 0, with the same ordering and written as |out〉Φ ⊕ |out〉Ψ. We
have the usual R-matrix, R, whih onnets the `in' and `out ' states. It has four elements
the (ΦΦ) and (ΨΨ) elements onnet the |in〉Φ states to |out〉Φ and |in〉Ψ to |out〉Ψ states,
respetively, and are denoted RΦΦ and RΨΨ. The (ΦΨ) and (ΨΦ) elements, denoted RΦΨ
and RΨΦ, respetively give the amplitudes of proesses onneting |in〉Φ with |out〉Ψ and
|in〉Ψ to |out〉Φ. We an dene a parity operator that ats on one of the elds of the
boundary system only, PΨ : ΨL ↔ ΨR, but leaves the Φ eld unhanged. This operator
maps the asymptoti states of the defet and of the boundary theory to eah other. To
see how the R and RT matries are related one has to relate them to the orresponding
orrelation funtions via the redution formula, whih nally has to be omputed from
the Lagrangian. Analyzing the ation of the parity operator at eah step we obtain the
following identiations:
PΨ : R =
(
RΦΦ RΨΦ
RΦΨ RΨΨ
)
↔ RT =
(
RL TR
TL RR
)
(10)
Now we an exploit this orrespondene. All that we have learned already for boundary
theories an be applied straightforwardly to defet theories: we an present perturba-
tion theory, redution formulas and in the view of [17℄, the derivation of Coleman-Thun
mehanism and Cutkosky rules for defet theories is also straightforward. Note that the
generalization for higher dimensions with a odimension 1 defet is obvious, just as is
the aommodation of more elds. Also ∂tΦ and ∂tΨ dependent potentials or boundary
onditions that relate Φ, ∂xΦ linearly to Ψ, ∂xΨ an be inorporated.
3. Integrable aspets, onsequenes
We will now fous on the integrable aspets of the orrespondene between defets and
boundaries. Classial integrability in the presene of boundaries has been the subjet of
several years of study. All the methods developed for boundary integrable systems are now
available for the study of integrable defet or impurity theories. For example Skylanin's
formalism [19℄ whih allows the onstrution of the onserved harges for the boundary
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eld, and an be used to nd the integrable boundary onditions [20℄ an now be used on
defet or impurity systems. The Lax pair for defet systems is disussed in [7, 8℄ and is
equivalent to the boundary Lax pair approah desribed in [21℄.
At the quantum level the existene of innitely many onserved harges give severe
restrition on the allowed proesses. As a onsequene the R-matrix of a boundary system
an be deomposed into a produt of two partile S-matries and one partile R-matries.
The former entirely desribes the sattering of two partiles in the bulk of the eld, the
latter desribes the reeting of a single partile from the boundary. Similarly for defet
systems the RT -matrix an be deomposed into a produt of the, possibly dierent, two
partile S-matries of the two elds either side of the defet and one partile RT -matries
desribing the reetion and transmission of individual partiles through the defet. The
integrable one partile R-matrix and RT -matrix depend on the partile energy through
the absolute value of the rapidity, θ, of the inident partile. The two partile S-matries
depend on the absolute value of the dierene between the rapidities of the sattering
partiles. The asymptoti states of the integrable boundary and defet systems have the
same desription as in the non-integrable ases, with the additional ondition that, in both
ases, the number of partiles in the `out ' state must be the same as the number of partiles
in the `in' state and the onserved harges of the two asymptoti states must oinide. The
integrable R and RT -matries are unitarity operators whih map one partile `in' states
to one partile `out ' states and are related as desribed in (10).
The integrable defet theory has two S-matries, SL and SR, respetively desribing
the two partile sattering in the L and R elds. The integrable boundary theory has a
single S-matrix desribing the two partile sattering of the bulk eld. If the bulk eld is
omposed of two noninterating elds, Φ and Ψ, as in the ase desribed as equivalent to a
defet theory, then the S-matrix, S, has a blok diagonal form with diagonal elements SΦΦ,
SΦΨ, SΨΦ and SΨΨ. The element SΦΦ desribes the sattering of two partiles both of the
eld Φ, similarly SΨΨ desribes the sattering of two partiles of eld Ψ, SΦΨ and SΨΦ both
desribe the sattering between two partiles where one belongs to eah of the separate
elds Φ and Ψ. Sine these S-matries an be omputed from the bulk Lagrangian, (where
the Φ and Ψ partiles interat only with themselves) we know, that
SΨΦ = SΦΨ = 1 ; SΦΦ ≡ SL ; SΨΨ ≡ SR . (11)
(A S-matrix of a dierent form has been used in [22, 23℄ to desribe an integrable defet
of a non-relativisti theory.)
Fatorizability of the defet system gives the defet Yang-Baxter, or reetion transmis-
sion equations, whih was desribed by several authors [1, 2, 3, 6℄. Here we just present
one of them and the orresponding equation
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a
b
e
f
α
γ
β
d
c
θ2
θ1
a
b
c
d
e
f
α
β
γ
θ
θ
1
2
TL
βd
αa(θ1)TL
γc
βb(θ2)SR
fe
dc (θ2 − θ1) = SL
cd
ab(θ2 − θ1)TL
βe
αd(θ2)TL
γf
βc (θ1) . (12)
We an now at on the defet system with the operator PΨ. Diagrammatially this ips the
right side of the defet Yang-Baxter equation onto the left of the boundary. We see this is
a speial ase of the boundary Yang-Baxter equation where both reetions ause a hange
in the speies of the reeting partiles. This orresponds to how, as we already know,
PΨ maps the transmission matrix TL into the RΦΨ element of the R-matrix. Dierent
reetion transmission equations orrespond to other speial ases of the boundary Yang-
Baxter equation. The boundary Yang-Baxter diagram that is equivalent to (12) and the
orresponding equation is
α
γ
βθ2
θ1
e
c
b
a
d
    
f
d
b
a
b
α
β
γ
θ
θ
1
2
c
d
e
f
e
c
RΦΨ
βd
αa(θ1)SΦΨ
bd
bd(θ1 + θ2)RΦΨ
γc
βb(θ2)SΨΨ
fe
dc (θ2 − θ1)
= SΦΦ
cd
ab(θ2 − θ1)RΦΨ
βe
αd(θ2)SΨΦ
ce
ce(θ1 + θ2)RΦΨ
γf
βc (θ1) , (13)
where the `in' states, labeled a and b, belong to the eld Φ and the `out ' states e and f
belong to Ψ.
The reetion and transmission amplitudes of the defet satisfy the unitarity equations
RL
βb
αa(θ)RL
γc
βb(−θ) + TL
βb
αa(θ)TR
γc
βb(−θ) = δ
c
aδ
γ
α ,
TR
bβ
aα(θ)TL
cγ
bβ(−θ) +RR
bβ
aα(θ)RR
cγ
bβ(−θ) = δ
c
aδ
γ
α ,
RL
βb
αa(θ)TL
cγ
bβ(−θ) + TL
βb
αa(θ)RR
γc
βb(−θ) = 0 ,
TR
βb
αa(θ)RL
γc
βb(−θ) +RR
βb
αa(θ)TR
γc
βb(−θ) = 0 . (14)
The R-matrix has to satisfy the unitarity equation Rbβaα(θ)R
cγ
bβ(−θ) = δ
c
aδ
γ
α, whih, in terms
of the defet variables, reads as equation (14). TheR-matrix must also satisfy the boundary
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rossing unitarity equation [18℄, Rβbαa(θ) = S
cb
ad(2θ)R
βc¯
αd¯
(iπ − θ), in terms of the defet this
gives
RL
βb
αa(θ) = SL
cb
ad(2θ)RL
βc¯
αd¯
(iπ − θ) , TL
βb
αa(θ) = TR
βa¯
αb¯
(iπ − θ) ,
RR
βb
αa(θ) = SR
cb
ad(2θ)RR
βc¯
αd¯
(iπ − θ) , TR
βb
αa(θ) = TL
βa¯
αb¯
(iπ − θ) , (15)
observe, however, that these equations are derived and not just onjetured as in [1, 2℄.
Now onsider the onsequenes of these equations. Sine they are the same as in [1, 2, 3℄ we
have analogous onsequenes; for rapidity dependent bulk S-matries, with no degrees of
freedom at the defet, there is no simultaneous transmission and reetion. Equivalently,
for the boundary system desribed earlier, reetions are either speies hanging or speies
preserving.
Let us now derive the defet operator using the defet-boundary orrespondene for the
model ontaining one self-onjugated partile as dened in (4). Consider rst the boundary
system as desribed in (8). If we hange the roles of spae and time the boundary beomes
an initial state reated by a boundary operator B from the vauum |B〉 = B|0〉. This
operator, using the Zamolodhikov-Faddeev reation annihilation operators, is given by
[18℄ as follows:
B = exp
{∫ ∞
0
dθ
2π
(
RΦΦ
(
iπ
2
− θ
)
A+ΦL(−θ)A
+
ΦL
(θ) +RΦΨ
(
iπ
2
− θ
)
A+ΦL(−θ)A
+
ΨL
(θ)
+RΨΦ
(
iπ
2
− θ
)
A+ΨL(−θ)A
+
ΦL
(θ)
)
+RΨΨ
(
iπ
2
− θ
)
A+ΨL(−θ)A
+
Ψ(θ)
}
Now if we unfold the system the time boundary beomes a defet line, where the defet
operator is inserted. Using the relation (10) and making the hange A+ΨL(θ) → AΨR(−θ)
we get the defet operator
D = exp
{∫ ∞
0
dθ
2π
(
RL
(
iπ
2
− θ
)
A+ΦL(−θ)A
+
ΦL
(θ) + TL
(
iπ
2
− θ
)
A+ΦL(−θ)AΨR(−θ)
+TR
(
iπ
2
− θ
)
AΨR(θ)A
+
ΦL
(θ)
)
+RR
(
iπ
2
− θ
)
AΨR(θ)AΨR(−θ)
}
A similar operator was proposed in [27℄ but without any derivation. Our derivation on-
rms their result. Observe that sine the Φ andΨ partiles do not interat AΨR(θ1)A
+
ΦL
(θ2) =
A+ΦL(θ2)AΨR(θ1) and no normal ordering is needed. We note also that as a onsequene of
equation (15) TL
(
iπ
2
+ θ
)
= TR
(
iπ
2
− θ
)
so the defet operator in the purely transmitting
ase simplies to:
D = exp
{∫ ∞
−∞
dθ
2π
(
TR
(
iπ
2
− θ
)
AΨR(θ)A
+
ΦL
(θ)
)}
(16)
4. Purely transmitting defets
As integrable defet theories with nontrivial S-matrix an only have purely transmitting
or reeting defets we an onsider how to nd solutions in these two ases separately.
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If a defet is purely reeting then we an solve the L and R parts independently, these
equations are not oupled ontrary to what is laimed in [3℄. Thus let us onentrate on the
purely transmitting defets, in the boundary language this means that the refetion matrix
is purely o diagonal. One an obtain nontrivial solutions of the boundary Yang-Baxter
equation by the fusion method as follows.
Suppose we have found a family of solutions, Reβcα(θ), {α} , {β} of the boundary Yang-
Baxter (13), unitarity and boundary rossing unitarity equations. Now we an produe
another solution, for an exited boundary, via the boundary bootstrap equation [18℄
α
γ
θb
a
    
c
β
iu
a
b
α
β
γ
θ
iu
d
c
e
f
g
gβaαR
cγ
bβ(θ) = g
γ
gβS
de
ab (θ − iu)R
fβ
eα(θ)S
eg
fd(θ + iu) . (17)
This new solution, Rcγbβ(θ), automatially satises the required equations. The proof of
the boundary Yang-Baxter equation or fatorization an be shown rst by `shifting' the
trajetories from the exited boundary to the ground state boundary, then using the proof
on this boundary and shifting bak to the exited boundary. The unitarity and boundary
rossing unitarity is a onsequene of the similar equations for the bulk S-matrix. If the
original R-matrix does not have any pole in the physial strip we an always add a CDD
fator to ensure its existene. By applying the folding method to transmitting defet
systems as desribed in this letter we an apply this method to nd non-trivial solutions
of defet systems.
For example let us assume that SΦΦ and SΨΨ are parity transforms of eah other
SΦΦ
cd
ab(θ) = SΨΨ
dc
ba(θ). In this ase the solution RΦΨ = RΨΦ = 1, whih orresponds to
trivial transmission, satises all the required equations. By adding a CDD fator to this
solution without spoiling its nie properties we an ensure the existene of a pole at θ = iu,
0 < u < π/2. Let us label this unexited boundary solution by 0 = α. Now if a partile
with label a is bound to the boundary the exited boundary state will have label a = β.
A partile of type b an reet from the boundary to partile c by hanging the boundary
state from a to γ = d as shown on the previous gure. By using (17) we an nd an ex-
pression for the reetion matrix for this exited boundary. The R-matrix for the exited
boundary now depends upon the speies of reeting partile,
RΦΨ
cd
ba(θ) = TL
cd
ba = SΦΦ
cd
ab(θ − iu) ; RΨΦ
cd
ba(θ) = TR
cd
ba = SΨΨ
dc
ba(θ + iu) . (18)
Clearly they satisfy (12), sine the bulk S-matrix satises the bulk Yang-Baxter equation.
They also satisfy the unitarity and ross unitarity relations sine it redues to the analogous
equations of the bulk S-matrix. Observe that equation (12) is similar to the Lax equations
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of integrable lattie models and so the bulk S matrix always solves it. If u = 0 the solution
desribes a standing partile. Bootstrapping further on this exited defet we an bind
either dierent type, or more partiles to the defet. It is similar to how one an nd
higher spin solutions of the Lax equation in lattie models.
We note that another speial solution for purely transmitting impurity is found by Konik
and LeClair, for the sine-Gordon model using the perturbed CFT approah [24℄.
Purely transmitting defets are of partiular interest in the study of boundary systems
as they may be used to onstrut new solutions to the reetion equation. If there exists
a TL
bβ
aα(θ) and TR
bβ
aα(θ) whih satises the transmission equation (12), unitarity (14) and
rossing unitarity (15) for some S-matrix, Scdab(θ), and aR0
bβ
aα(θ) that satises the reetion
equation (13) for the same S-matrix then the matrix
R1
bβ
aα(θ) = TL
cγ1
aα1
(θ)R0
dβ2
cα2
(θ)TR
bβ1
dγ1
(−θ) , (19)
where α = α1 ⊗ α2 and β = β1 ⊗ β2, also satises the reetion equation [25℄. This is
diagrammatially represented below.
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  

















a
b
α
β
R1
θ
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
  
















b
α
β
α
β
1
1
2
2
γ1
d
c
R0
θ
θ
−θ
a
The R-matries obtained in this way are alled dressed R-matries in [26℄. If R1 is blok
diagonal in the α, β basis then the R-matrix an be projeted into one of the irreduible
bloks, the defet is then said to be fused to the boundary. Solutions developed in this
manner, using (18), are equivalent to performing the boundary bootstrap proedure.
5. Appliation: defet TBA
Let us now onsider one appliation of the boundary-defet orrespondene developed
in this paper; suppose we would like to alulate the groundstate energy of an integrable
system, ontaining one partile type with mass m, and bulk sattering matrix S, in a
nite geometry. The system is dened on an interval of size L with integrable boundary
onditions at both ends, and n integrable purely transmitting defets with the ith defet
loalized at xi as shown in the following gure
x0
... ...
R R
x x x
T T
1 2 i n
0
x     =Ln+1
n+1
ni2
RT T T L
2 T1 1RL RT
i
L T L R
n
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The usual trik is to ompatify the time-like diretion on to a irle of size R and
ompute the partition funtion of the ompatied system, Z(L,R), whih is related to its
energy, E, as
Z(L,R) = Tr(e−RE(L)) .
The groundstate energy of the original system, E0, an be found by taking the limit as R
goes to innity
E0(L) = − lim
R→∞
1
R
Z(L,R) .
We now exhange the role of time and spae and alulate the partition funtion in the
following geometry:
x
x
x D
D
D
1 1
ii
n n
L
0
D2x2
.
.
.
.
.
.
0 |B >
<B     |n+1
R
The Hilbert spaes used are now the periodi Hilbert spaes, the boundaries beome
initial and nal states, while the defets show up as operators whih have to be inserted
into the matrix element
Z(L,R) = 〈Bn+1|e
−(L−xn)Hn+1(R)Dne
−(xn−xn−1)Hn(R)Dn−1 . . . e
−(xi−xi−1)Hi(R)Di . . .
e−(x2−x1)H
2(R)D1e
−x1H1(R)|B0〉 . (20)
H i(R) is the Hamiltonian of the system between xi−1 and xi with periodi boundary
ondition. In order to perform the alulation of the partition funtion we have to use the
form of the defet operators (16).
We alulate the partition funtion by introduing the resolution of the identity into
(20). Using the N-partile matrix element
〈A+i+1(θ1)A
+
i+1(θ2) . . . A
+
i+1(θN )|Di|A
+
i (θ
′
1)A
+
i (θ
′
2) . . . A
+
i (θ
′
N )〉 =
N∏
j=1
T i
R
(
iπ
2
− θj
)
2πδ(θj−θ
′
j)
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we obtain
Z(L,R) =
∑
|N〉∈HN
〈Bn+1|N〉〈N |B0〉
〈N |N〉
e−L
∑N
j=1(m cosh(θj)+
∑n
k=1 log(T kR (
ipi
2
−θj)))
As we an see the partition funtion does not depend on the atual positions of the defets,
whih is a onsequene of the integrability of the system. The further alulations follow
exatly the one in [28℄ with the result for the ground state energy
E0(L) = −
m
4π
∫ −∞
−∞
cosh(θ) log(1 + λ(θ)e−ǫ(θ))dθ
where ǫ(θ) satises the following integral equation
ǫ(θ) = 2mL cosh(θ) +
∫ −∞
−∞
Φ(θ − θ′) log(1 + λ(θ′)e−ǫ(θ
′))dθ′
where Φ(θ) = − 1
2πi
d
dθ
S(θ) The only dierene ompared to [28℄ is that now
λ(θ) = R0
(
iπ
2
+ θ
)
Rn+1
(
iπ
2
− θ
)∏
j
T j
L
(
iπ
2
+ θ
)
T j
R
(
iπ
2
− θ
)
.
Note that if all the defets have trivial transition matries we reprodue the formula of
[28℄. We an interpret the result as follows; sine nothing depends on the position of the
defets we an move them all to either of the boundaries. Now we do not have any defet,
but the boundary is dressed, and what we an see in the nal result is nothing but the
dressed reetion fators.
6. Conlusion
Using the folding trik we have shown that defet theories are equivalent to ertain
boundary theories. As a onsequene we an take results from boundary eld theory, suh
as redution formulas, Coleman-Thun mehanism, Cutosky rules.
Applying this folding trik to integrable systems the defet rossing unitarity and defet
operator were derived, and the fusion method was used for nding solutions to general
impurity systems. The defet operator is used to alulate the groundstate energy of an
integrable system dened on the interval with defets. Sine the result does not depend
on the loation of the defets, defets an be fused to any of the boundaries obtaining a
system without defets but with dressed reetion matries.
This idea an be used in a theory with non-diagonal boundary sattering as follows.
Suppose we an write the non-diagonal reetion fator as a diagonal one fused with a
non-diagonal defet. Now moving this non-diagonal defet to the other boundary and
fusing with it the fused reetion fator may be diagonal helping in the solution of the
model.
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